We construct time-dependent charged black string solutions in five-dimensional Einstein-Maxwell theory. In the far region, the spacetime approaches a five-dimensional Kasner universe with an expanding three-dimensional space and a shrinking extra dimension. Near the event horizon, the spacetime is approximately static and has a smooth event horizon. We also study the motion of test particles around the black string and show the existence of quasi-circular orbits. Finally, we briefly discuss the stability of this spacetime.
I. INTRODUCTION
Higher-dimensional spacetimes are popular subjects in fundamental theoretical physics, mainly in the context of unified theories of interactions. In order to compromise the higher dimensions with the experimentally observable four dimensions, the spacetimes would be decomposed into four-dimensional conventional spacetime in a large size and compactified extra dimensions in a small size (see ref. [1] , for example, and references there in). We call the higher-dimensional spacetimes with such structures Kaluza-Klein spacetimes. The three dimensions has cosmological size while the extra dimensions should be tiny enough not to observe by experiments in laboratories. Why the large discrepancy of the sizes appears? It would be a natural idea that the extra dimensions shrink by evolution of the universe [2] [3] [4] .
If the inflation of the universe occurs by the contraction of the extra dimensions [5] [6] [7] , a huge difference of the sizes can emerge.
Recently, black holes in higher dimensions gather much attention because they have rich variety in contrast to four-dimensional cases. Extended black objects, black strings for example, are found in the higher dimensions [8] [9] [10] [11] . It is striking that exact solutions with horizon topology S 2 × S 1 are found [12] in addition to rotating black holes with spherical horizon topology [13] in asymptotically flat spacetimes. After this discovery, lots of related black objects were found (see ref. [14] , as a review). It would be also important to investigate black hole solutions asymptote to the Kaluza-Klein spacetimes. Exact solutions which asymptote to a locally flat spacetime with a twisted S 1 extra dimension were constructed [15] [16] [17] [18] [19] [20] [21] [22] .
There is a class of exact solutions to the Einstein-Maxwell equations constructed by using harmonic functions on Ricci flat base spaces with Euclidean signature, where the metric functions and the gauge field are described by various kinds of the harmonics. If we take the harmonic function for a point source properly, the solutions describe extremely charged black holes. It is straight forward to construct multi-black hole solutions by superposition of the harmonic functions. A pioneering work was done by Majumdar and Papapetrou [23, 24] in four dimensions, and higher-dimensional solutions of this class are constructed as a variety of black holes [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . In the case of hyper-Kähler base space, the solutions are supersymmetric. As generalizations of four-dimensional time-dependent multi-black hole solutions [35] [36] [37] , higher-dimensional solutions including a cosmological constant [38] [39] [40] [41] [42] [43] and without cosmological constant [44] [45] [46] [47] [48] are obtained by using harmonics.
Indeed, exact solutions are constructed by solving the Laplace equation on a Ricci flat base space, but the solutions do not always describe black objects. If we want to construct black hole solutions by using harmonics for a point source on the Euclidean Taub-NUT space, the point source should be on the NUT singularity for the appearance of horizon [29] . By harmonics for a line source on the four-dimensional flat Euclidean space a naked singularity appears.
In the present paper, we construct an exact solution combining a Kaluza-Klein cosmological solution and a black string solution by using a harmonic function. The solution describes a charged black string in a five-dimensional Kasner universe where three-dimensional space expands while one dimension contracts as time increases.
In the next section, the metric and the gauge field are presented, and it is shown that the spacetime has a regular event horizon where analytical extension is possible. Although the spacetime is dynamical, i.e., it has no timelike Killing vector field, the geometry near the horizon becomes static quickly in the late time, then the size of horizon does not change.
This property is characterized by the existence of asymptotic Killing generator near the horizon.
In section III, we study geodesic motions of timelike and null test particles. We show the existence of quasi stable circular orbits of massive particle around the black string. The radius of the circular orbit decreases gradually, and finally falls into the horizon. Analogous to the four-dimensional Schwarzschild black hole, quasi innermost stable circular orbit appears. There also exists unstable circular orbits for massless particles.
In section IV, we discuss whether the Gregory-Laflamme instability occurs or not briefly.
The section V is devoted to summary and discussion.
II. BLACK STRINGS IN KALUZA-KLEIN UNIVERSE

A. Solution
We consider time-dependent charged black strings which are exact solutions of the fivedimensional Einstein-Maxwell theory with the action
The metric and the Maxwell field are given by
where the function H is given by
2 is the metric of unit two-dimensional sphere, S 2 , t 0 and M are nonnegative constants. 1 For the spacetime signature being (−, +, +, +, +), we should require the inequality Ht/t 0 > 0.
In the limit M → 0 or r → +∞ with t = finite, the field strength of the Maxwell field (3) vanishes, and the metric (2) reduces to that of the five-dimensional vacuum Kasner universe,
which describes time evolution of an anisotropic and homogeneous universe. If the extra dimension labeled by the coordinate w is compactified by periodic identification, its size becomes small enough after the evolution of the universe. The metric (2), as same as the metric (5), has a null infinity at t = +∞, r = +∞ with r/t = finite.
The Kretschmann scalar is given by
The singularity t = 0 with r = const. corresponds to the initial cosmological singularity for the Kasner universe. Since the norm of the normal vector to a t = const. surface
is negative, the curvature singularity t = 0 is spacelike. We should pay attention to a limiting surface r → 0 and t → ∞ keeping rt = const., because the Kretschmann scalar is finite. The sizes of the two-dimensional sphere and the extra dimension become finite at the limit. As will be shown later, we find the surface is the event horizon and we extend the metric (2) across the surface. 1 Taking the limit N → 0 appears in the black hole solution in a Kaluza-Klein universe discussed in ref. [48] , one can obtain the metric (2) and the Maxwell field (3). We generalize the solution (2) to multi-black string and multi-black hole solutions in Appendix A. 2 As far as we consider analytic extension across the event horizon, we do not need to care about r = −M singularity.
B. Analytic extension across the event horizon
Instead of the original coordinates in (2) which do not cover r = 0, we construct coordinates covering the surface r = 0, t = ∞ with rt = const. using a set of null geodesics. We investigate the possibility of extension by using null geodesics starting from the outer region r > 0.
If we restrict our attention to the null geodesics confined in the t-r plane, the null geodesics are determined by the null condition,
namely dt dr
We use an approximate solution in the form
where u is an arbitrary parameter. The curves (9) are approximately ingoing future null geodesics in the vicinity of r = 0 that attain the coordinate boundary. The free parameter u, which labels the curves, can be used as a new coordinate.
3
Now, we introduce new coordinates (u, ρ) as
3 Although we can solve the equation (8) analytically as
it is convenient to use the approximate solution (9) . Eq.(9) coincides with this analytic solution up to O(r 3/2 ).
then we rewrite the metric (2) and the Maxwell field (3) in the (u, ρ) coordinates as
where we omit a pure gauge term in A µ dx µ . The metric and the Maxwell field are regular at ρ = 0. In the limit ρ → 0 with u = finite (equivalently, r → 0, t → ∞ with tr = M 3 /t 0 ), the metric (12) behaves as
We also see that the ρ = 0 surface is a null hypersurface, and the angular part of the metric, which describes S 2 × R 1 , does not depend on time. Since all the metric components in (12) are analytic function of ρ at ρ = 0, the spacetime with the metric (12) gives an analytic extension of the original spacetime (2). We can see that the inner region ρ < 0 is a time reversal of the outer region ρ > 0 since the metric (12) is invariant under the transformation
The outer region ρ > 0 becomes asymptotically the Kasner universe described by (5), then it has a future null infinity. However, any null geodesic starting from a point in the inner region cannot reach the future null infinity. Therefore, the ρ = 0 surface is an event horizon. The exact solution (2) with (3) indeed represents the charged black string in the five-dimensional anisotropically expanding Kaluza-Klein universe.
The Penrose diagram of the spacetime with the metric (2) is shown in Fig. 1 . In the outer region, the geometry looks like the five-dimensional Kasner universe described by (5) in the far region, r ≫ M, where the three-dimensional space expands, while the compact extra dimension shrinks with the time evolution. There are a null infinity at r = ∞, t = ∞ and spacelike singularity at t = 0. A null hypersurface r → 0, t → ∞ with rt = M 3 /t 0 is the event horizon. The inner region of the event horizon is the time reversal of the outer region, and these two regions are attached with each other at the event horizon ρ = 0. 
C. Approximate staticity near the event horizon
The spacetime is dynamical because the metric (2) does not admit any timelike Killing vector. However, as shown in (14), since the metric on the horizon does not depend on time, it is suggested that the metric is approximately static near the horizon. In fact, the event horizon is an example of the 'asymptotic Killing horizon' defined in [49, 50] . In this paper, we consider an n-th order asymptotic Killing horizon as a generalization.
Definition. A null hypersurface H is an n-th order asymptotic Killing horizon if
there exist a scalar function Φ and a vector field ξ µ , such that (i)
, where L ξ µ denotes the Lie derivative with respect to a vector field ξ µ .
The first equation of the condition (ii) is Killing equation up to the n-th order of Φ, and the rest of the condition (ii) requires ξ µ is a generator of the horizon. We call a solution
[nth] n-th order asymptotic Killing generator. 4 By choosing Φ = ρ in (u, ρ) coordinate, we find a first order asymptotic Killing generator
where f is an arbitrary function of u, θ, φ, w. We should note that this functional degrees
of freedom generally appears in the first order asymptotic Killing horizon [49, 50] . Namely, the first order asymptotic Killing generator is not determined uniquely by the geometry.
The present metric (12) also admits a second order asymptotic Killing generator
where C is an arbitrary constant. This is the unique second order asymptotic Killing generator. We understand that the second order asymptotic Killing generator ξ µ
[2nd] characterizes approximate staticity of the geometry near the event horizon. 5 Since we can show that ξ
is timelike in ρu > 0 and spacelike in ρu < 0 near the horizon, the spacetime has second order timelike asymptotic Killing generator only in the region u > 0 outside the horizon. 
where
In this coordinate, the metric becomes
We can see that the geometry near event horizon is static at the order of O(R/M) as expected.
5 From the facts that the spacetime admits second order asymptotic Killing generator and the Maxwell field satisfies energy conditions, we can also show that the horizon is an isolated horizon [51] . 6 Note that ξ Furthermore, we can also see that the metric near the horizon rapidly approaches the time independent form in Eq. (19) at late time e −2T /M ≪ 1. In fact, the time independent part in Eq. (19) can be written in a simple form
by introducing coordinates (T, R, W ) as
with R h := M 2 /t 0 . The metric (20) is a limiting case of static charged black string solutions derived in ref. [10] (see Appendix B). 
D. Expansion of a null geodesic congruence
We calculate the expansions of the null vector fields emanating from a closed surface r = const. on a t = const. slice. The expansions are defined by
7 Note that we can also derive Eq. (20) by taking a limit t → t/ǫ, r → ǫr and ǫ → 0 for the metric (2). In this limit the metric has the form of
Though there is an apparent time dependence, by introducing coordinates
we obtain the metric form (20) .
where k (±)µ denote future null vector fields, and
such that the direction of the vector fields are to be increasing r coordinates for (+), and
, they are regular everywhere in the spacetime. Note that k (±)µ on and inside the event horizon should be understood as analytic extensions of them across the horizon. The metric
The expansions of the null geodesic congruences on the three-dimensional space (27) are obtained as We show the sign of θ ± and θ ± = 0 surfaces in Fig. 2 . Since θ + = 0 in the limit r → 0, t → ∞ with tr = M 3 /t 0 , we see that, though the spacetime is dynamical, the event horizon, r = 0, t = ∞ with tr = M 3 /t 0 surface, is an apparent horizon. We also see that outside the black string, r > 0, θ + is positive, and a region (θ − , θ + ) = (+, +) appears near the initial singularity like an expanding universe. Inside the black string, there is a trapped region, (θ − , θ + ) = (−, −), like a static black hole spacetime.
Using (u, ρ) coordinates (10) and (11) which cover the event horizon, we can easily see the behavior of θ ± near the horizon as θ 
III. MOTION OF A TEST PARTICLE
A test particle provides us geometrical information of a spacetime as a probe, then we study motion of it in the present spacetime. Motions of a test particle in the metric (2) is governed by the Lagrangian
where dot denotes derivative with respect to the proper time of the particle, and the function a(t) 2 = t/t 0 plays the role of cosmological scale factor for the expanding three dimensions.
The particle has conserved quantities L = Ha 2 r 2 sin 2 θφ, and p w = Ha −2ẇ .
Since the spacetime has the spherical symmetry, we restrict that the particle moves in the plane θ = π/2 without loss of generality.
The Euler-Lagrange equations for (30) with θ = π/2 yield
For a massive particle, we have
We should note that the canonical momentum conjugate to the time t,
is not conserved since the metric depends on t through the function a(t). This is because the metric describes a black string residing in an evolving universe. In a much late stage of the universe, say t = t 1 , the time scale of the evolution,
becomes much longer than the time scale of an orbiting particle near the black string. For this particle, a(t) is almost constant at t ∼ t 1 during its typical motion, then p t is almost constant, say −E. In this case, (33) is rewritten as
then, we can analyze orbits of the particle using the effective potential (37) with a constant a(t 1 ).
Here, taking the cosmological scale factor into account, we introduce a radial coordinate that denotes 'physical length' on a time-slice t = t 1 as
Usingr, we represent the effective potential (37) as
The size of compactified dimension w becomes very small owing to the evolution of the universe. It would be expected that the momentum p w conjugate to w is hardly excited [52] . The effective potential evolves as t 1 /t 0 increases:
and t 1 /t 0 = 1.3 × 10 9 (gray curve).
Then, we consider the case p w = 0. The restriction of the metric (2) and the particle motion on w = const. surface would be a model of a four-dimensional black hole in an expanding universe. In this case, (39) reduces to
The effective potential (41) is shown as the function ofr in Fig. 3 . SinceM depends on time t 1 , the effective potential (41) gradually changes in its shape as the universe expands.
The existence of an innermost stable circular orbit (ISCO) is a feature of four-dimensional stationary black holes. It is an interesting question whether the ISCO exists or not in the present case. Then, we concentrate on circular orbits.
If a(t 1 ) and E were constants, for a fixed L, there exist a stable circular orbit and an unstable one specified by
In fact, since a(t 1 ) and E gradually changed as time increases, the radius of the orbits specified by (42) are gradually changed. Then, we call these orbits 'quasi circular orbits'.
The radius of the stable quasi circular orbit is
and the radius of the unstable quasi circular orbit is
In order to have real positiver s ,
have the radius of the quasi innermost stable circular orbit (qISCO) is given bỹ
and a qISCO particle has the angular momentum
The ratio r/M for the qISCO is not smaller than unity, then there does not exist quasi circular orbit in the approximately static region near the horizon.
Note the time dependence ofM , we see thatr s ,r u , andr qISCO are time dependent. Suppose a quasi circular particle atr s (>r qISCO ) for a fixed angular momentum L at a time t 1 in the present metric with fixed parameters M and t 0 . As the time t 1 increases the radius r s decreases and the radiusr u increases (see Fig. 4 ). At the time
andr u merge together atr qISCO . The particle with L has no circular orbit after that time, then the particle plunges into the black string.
Numerical calculations of the equations of motion (32) shows the existence of quasi circular orbits (see Fig. 5 ), and the particle in the orbit plunges into the black string.
The period of quasi circular orbit is given by
We can verify t 1 is much larger than T in the numerical calculations. In the larger limit, we have
It means the Kepler's third law. 
B. Massless particles with p w = 0
Here, we consider a massless particle with p w = 0. We consider the four-dimensional metric
where we have used the conformal time η = 2 √ tt 0 . Since a null geodesic is invariant under a conformal transformation, we can consider a null geodesic in the static metric
Since we can set θ = π/2 without loss of generality, the Lagrangian for the massless particle in this metric is
where the over dot denotes derivative with respect to an affine parameter. Conserved quantities are
which are exactly conserved for massless particles. The massless condition is where
Therefore, the orbits are integrable in the case of p w = 0. By using the effective potential U eff , it is easy to know the existence of unstable circular null orbit as same as the Schwarzschild black hole. The radius is determined by
as r n = M/2. It is interesting that the unstable circular orbits are exact null geodesic solution even the original metric is time dependent. The 'physical radius'r n =M /2 = t 1 /t 0 M/2 increases in time, andr n <r qISCO . The frequency of the photon received by a distant observer, whose proper time is t, is red shifted by the scale factor a(t).
IV. DISCUSSIONS TOWARDS STABILITY ANALYSIS
Since the present metric (2) describes a charged non-extremal black string, one may expect that the spacetime has the Gregory-Laflamme instability [53] . On the other hand, since the direction of an extra dimension is shrinking as time increases in the solution, one may also think that the spacetime will be stabilized at late time since the compactified extra dimension w prohibits long wave length modes of perturbation. We consider that the stability analysis for this spacetime is interesting, but it is hard to study it since the background spacetime is time-dependent. In this section, towards the stability analysis, we give some discussions from two points of view. One is that by focusing the late time geometry near the horizon which is approximately a static black string geometry, we can study the stability problem on it. The other is to consider the time evolution as a sequence of known static spacetimes with different physical parameters. Interestingly, each discussion suggests an opposite result.
A. Gregory-Laflamme instability for the late time geometry near the horizon
Near the horizon, the metric behaves approximately that of a static black string solution (20) at late time. In fact, this geometry can be obtained by taking a special limit of the charged black string solution [10] (see Appendix B). In [54] , Frolov and Shoom already showed the existence a Gregory-Laflamme instability for the charged black string solution for general parameters. Surprisingly, the master equation for the zero mode gravitational perturbation only depends on a single parameter while the background spacetime has two parameters, i.e., mass and charge parameters. Thus, we can also expect that the late time geometry near the horizon, which can be obtained by a parameter limit, also has a GregoryLaflamme instability.
We should note that by taking the limit to the late time geometry near the horizon (20) from the charged string solution with two parameters, the asymptotic structure is also drastically changed as shown in Appendix. B. Before taking the limit, the spacetime is asymptotically flat towards the perpendicular direction to the black string, but after the limit, t − r part of the metric asymptotes to AdS 2 and the size of extra dimension at infinity becomes zero. So, we should carefully check whether the boundary conditions and the gauge conditions used in [54] are still physically reasonable or not. Fortunately, as shown in Appendix C, such the difference in asymptotic structure does not affect on the derivation of the master equation and the boundary condition of it formally. Thus, we can say that the late time geometry near the horizon (2) also has a Gregory-Laflamme mode whose critical wave number along w direction is given by
as like [54] .
B. Time evolution as a sequence of static spacetimes
Let us focus on the geometry near the time slice t = t 1 = const., the metric (2) behaves
Using the radial coordinater = a(t 1 )r, we find
This approximate geometry can be obtained by taking an extremal limit of the charged black string solution [10] (see Appendix B). In the extremal limit, the mass parameter isM and the size of extra dimension is w 0 /a if w direction is compactified with the period w 0 .
We can consider that the time evolution is approximately described by increasing the scale factor a. If the time scale of the instability is shorter than the Hubble scale, we can expect that such a physical phenomenon is well described in this spacetime (58) . From this point of view, the mass parameter increases and the size of the extra dimension decreases as time increases. This suggests that the spacetime will be stabilized at late time. 8 In fact, the extremal limit of the charged black string contains a curvature singularity on the horizon (see Appendix B). However, we can still use the result in [54] as far as we consider a boundary condition where the perturbed quantiles do not diverge at the horizon and infinity. We consider that such a boundary condition is physically reasonable now, since our original time-dependent solution (2) is regular on the horizon.
V. SUMMARY AND DISCUSSION
We have investigated charged black string solutions residing in a five-dimensional Kasner universe where spatial three dimensions expand and an extra dimension contracts. The spacetime has an initial spatial singularity and admits an analytic extension across the event horizon. The inner region is described by a time reversal of the outer region. We can also generalize our solution to multi-black string and multi-black hole system. In this system, the event horizon of a black string is still analytic while both time-dependent and higher-dimensional multi black objects usually have non-smooth event horizon [9, 48, [55] [56] [57] [58] .
Although there is no exact timelike Killing vector in the spacetime, the geometry is approximately static near the horizon. In fact, the spacetime admits a unique second order asymptotic Killing generator which satisfies an approximate Killing equation. We can also see that the event horizon is an isolated horizon [51] . The late time geometry near the horizon rapidly approaches the geometry of a static exact charged black string solution.
We have studied motions of test particles in the spacetime and seen that quasi stable circular orbits exist. If the time scale of cosmological evolution is much longer than that of orbiting particle near the black string, we can effectively consider the scale factor to be constant during its typical motion. From this point of view, we analyze the effective potential and show the existence of quasi circular orbits and quasi ISCO. The radius of a quasi circular orbit is slowly decreasing with time evolution, then its orbit becomes an inspiral orbit. This is because the energy of particle is not conserved due to the cosmological expansion. After the particle reaches the quasi-ISCO radius, then the particle plunges into the horizon immediately. If we focus on massless particles with p w = 0, equation of motion reduces to that on a static black hole since the spacetime is effectively conformal static. We have shown that unstable circular orbits of photon exist as exact solutions.
We have given short discussions towards stability analysis from two approximate points of view. One is that by focusing the late time geometry near the horizon which is approximately the geometry of a static charged black string solution, we can discuss the stability problem.
This analysis suggests the existence of Gregory-Laflamme instability at late time. On the other hand, since the direction of an extra dimension is shrinking, we can also expect that the spacetime will be stabilized at late time since the compactified extra dimension w prohibits long wave length modes of perturbation. By considering the time evolution as a sequence of static spacetime, we have obtained a suggestion that the spacetime will be stabilized at late time. Since each discussion suggests an opposite result, the stability analysis of our spacetime without approximation is an interesting open question. However, this is not an easy task because we need to study the perturbation around time dependent spacetime. We leave this problem for future work.
Note added: D. Klemm and M. Nozawa study black holes in the expanding universe from the dimensional reduction of supersymmetric solutions in (un)gauged supergravities [59] .
They show that our solution can be transformed, via the four-dimensional electromagnetic duality, into a supersymmetric solution to the five-dimensional minimal ungauged supergravity. black hole discussed in [48] . Here, in the limit t 0 → ∞ with N 1 = 0, otherwise N i = 0, the metric (A1) describes the five-dimensional extremal charged static asymptotically flat multi-black holes [25] . On the other hand, introducing the new coordinate t ′ = t − t 0 then taking the limit t 0 → ∞, the solution (A1) reduces to five-dimensional static Kaluza-Klein multi-black hole solutions [29] .
In the following, we show that the multi-black string solutions still admit analytic extensions across the event horizons of the black strings.
Extension across the event horizon in multi-black string system
For simplicity, we restrict ourselves to the cases of two black strings, i.e., 
where H is given by
Similar to the single black string case, to extend the metric (A5) across the surface r = 0, t = ∞ with rt = const., we consider the null geodesics near the surface. The null condition is given by
Since, near r = 0, the function H behaves as
then we have dt dr
To obtain coordinates across the surface r = 0, t = ∞ with rt = const., we use an approximate ingoing future null geodesics near r = 0
where u denotes an arbitrary parameter which classifies the approximate null geodesics.
Using the curves (A11), we introduce new coordinates (u, ρ) as
then we rewrite the metric (A5) and the Maxwell field (A6) in the (u, ρ) coordinates as
We see that the metric (A14) is analytic. When M 2 = 0, the metric (A14) and the Maxwell field (A15) reduce to those in the single black string case.
In the limit ρ → 0 with u = finite (equivalently, r → 0, t → ∞ with tr = M 3 1 /t 0 ), we obtain
We find that the metric (A14) is regular at the horizon ρ = 0.
Thus the solutions (A5) with (A7) describe a pair of charged black strings which have analytic event horizons without a singularity on the black string horizons in the five-dimensional Kaluza-Klein universe.
horizon (20) . In this limit, we can see that T -R part of the metric asymptotes to AdS 2 near the infinity and the size of the extra dimension at infinity is zero. We show the Penrose diagrams for these static charged black strings in Fig. 6 . In ref. [54] , it is shown that gravitational and electric zero-mode perturbations are decoupled for the static charged black string solution (B1), and only gravitational perturbation has unstable modes. Since it is expected that the late time geometry near the horizon has a similar property, we take the same ansatz for the metric and Maxwell field as [54] , 
By taking the first order of the small variables τ (R, W ), β(R, W ), σ(R, W ), γ(R, W ), α(R, W )
for Einstein-Maxwell equations, we can obtain the linearized equations.
Let us consider the Fourier transformation for W direction, τ (R, W ) =τ (R)e ikW , σ(R, W ) =σ(R)e ikW , γ(R, W ) =γ(R)e ikW , α(R, W ) =α(R)e ikW β(R, W ) =β(R)e ikW .
By using the gauge transformations g µν → g µν − 2∇ (µ ξ ν) , the perturbed quantities behave
We can choose the gauge conditioñ τ (R) = 0,β(R) = 0.
Note that this completely fixes the gauge degrees of freedom and we can choose this gauge condition even near the horizon and infinity. 9 After some calculations, we obtain a single master equation forγ(R) as
The relations amongγ(R) and the other variables are given bỹ
9 When we consider the gauge transformation (C8),ξ R (R) may diverge at most of the order of R near infinity. However linear perturbation is still good approximation. For the condition where the linear perturbation is a good approximation, we should impose that the perturbed quantitiesτ (R),σ(R),γ(R),α(R),β(R) take finite value in R h ≤ R ≤ ∞, and the gauge transformation (C8) does not violate this.
Introducing a new radial coordinate
where x = 0 and x = 1 correspond to the horizon and spatial infinity, respectively, the master equation becomes
This completely coincides with the master equation in [54] .
The boundary conditions used in [54] are obtained by imposing that the perturbed quantities do not diverge at the horizon and infinity. Althogh the asymptotic structure of (20) is different from that of the static charged black string (B1), the boundary conditions for the master equation (C9) that we should impose are the same, i.e., the perturbed quantities do not diverge at R = R h and R = ∞. Since we solve the same equation with the same boundary condition formally, we obtain the same result as [54] , i.e., the spacetime is unstable against long wave perturbations whose critical wave number is k cr = 0.876 · · · .
